A full-dimensional quantum dynamics study is carried out for the highly fluxional H + 5 cation on a recent reference potential energy surface by using the multi configuration time-dependent Hartree method. With five equivalent light atoms and shallow barriers between various low-lying stationary points on the surface, the spectroscopic characterization of H + 5 represents a huge challenge for accurate quantum dynamics simulations. The present calculation is the first such a study on this cation, which together with its isotope analogies are of primary importance in the interstellar chemistry. The vibrational ground state properties and several vibrationally excited states corresponding to low vibrational frequency motions, not yet directly observable by the experiment, are presented and analyzed.
I. INTRODUCTION
One of the major motivation for research on H + 5 complex is related to its highly likely presence in the interstellar medium and its influence at the low temperature chemistry reaction mechanisms, i.e., deuterium fractionation. [1] [2] [3] In the most recent experimental studies vibrational spectra have been reported at energies above the lowest dissociation threshold for H 4 have been assigned to completely different combinations or overtones, with the excitation of the shared-proton stretch mode to play the major role in the assignment of the spectral features. 6 These recent assignments have been based on a proper theoretical anharmonic treatment of the vibrations of the H + 5 . Currently, the importance of the proton-transfer stretching in the IR spectra assignment of the H + 5 /D + 5 has also been illustrated by a simple 2D model that additionally incorporates the temperature effect. 7 However, no experimental data are still available in the lower energy regime and huge challenges still persist in quantum vibrational states studies for such highly fluxional complex, even in the vibrational ground state. Due to the presence of multiple minima with low barriers to interconversion on its surface, [8] [9] [10] accessible at its zero-point vibrational energy, the H + 5 system has become a prototype for studying nuclear anharmonic quantum effects. From a theoretical perspective, only recent full-dimensional potential energy surfaces (PESs) based on electronic structure calculations a) Electronic mail: rita@iff.csic.es.
have been reported in the literature, [11] [12] [13] and dynamics calculations have been performed by using either the variational MULTIMODE "reaction path" (MM-RPH) (Ref. 6) or diffusion Monte Carlo (DMC) (Refs. 6 and 14) and path-integral Monte Carlo (PIMC) or molecular dynamics [15] [16] [17] [18] methods. In particular, theoretical simulations have been carried out, and so far information is available on the zero-point averaged structure and energy of H + 5 , and its isotopologues. 6, 14, 16, 17 These studies have established the highly delocalized nature of this cation on its ground vibrational state, and the importance of low-lying stationary points of the potential. [8] [9] [10] However, results on vibrational excited energies and states are rather limited to the fundamental excitation energy of the shared-proton, its 2nd and 3rd overtones, and the tunneling splitting of the torsional modes from recent fixed-node DMC and MM-RPH calculations. 6 In this work, we report full-dimensional (9D) quantum dynamics calculations on the ground and several vibrational excited energies and states of H + 5 using the multi-configuration time-dependent Hartree (MCTDH) method. [19] [20] [21] This method expands the wave function in a basis of time-dependent wave functions (SPFs), which in principle allows the treatment of more degrees of freedom than many other quantum dynamics methods, while maintaining correlation between motion in the different degrees of freedom, and has been applied to study dynamics of multidimensional systems (see Ref. 22 and references therein). To the best of our knowledge, the present study is the first fulldimensional quantum calculation on the vibrational excited states of the H + 5 , and/or its isotopically analogs, providing benchmark results for such complexes.
The article is organized as follows: in Sec. II we describe the kinetic and potential energy operators, as well as the computational details of the MCTDH calculations. In Sec. III we present the results of these calculations for the ground and low-lying vibrational states of the H 
II. METHODS AND COMPUTATIONAL DETAILS
In the MCTDH calculations the Hamiltonian is represented in a set of internal coordinates. The coordinates used to describe the H + 5 system are shown in the inset of the top panel in Fig. 1 , with R 1, 2 being the two H 2 distances, R the intermolecular distance between their centers of mass, θ 1, 2 the angles between the R 1,2 and R vectors, α the torsion angle for the internal relative rotation of the two H 2 molecules, and (x, y, z) the Cartesian coordinates of the proton's position with respect to the center of mass of the two H 2 molecules. The kinetic energy operator is derived in this set of coordinates for zero total angular momentum, following the framework described in the Refs. 23-25, and can be written aŝ has been employed. Therefore for comparison reasoning we also choose this PES as the reference potential surface in our present calculations.
The potential operator is constructed as a n-mode representation 26 , 27 based on a 5-mode combination scheme, with the following definition of the modes in terms of the 9 internal coordinates:
, and q 5 = [R 2 ]. In this representation the potential is described very accurately in the neighborhood of the chosen reference geometry. In order to improve the symmetry properties of the cluster expansion, 27 at the energy range of the interest, an averaging over two reference geometries, corresponding to the D 2d symmetric configurations of the H + 5 is considered in the present study. By combining coordinates that are strongly coupled to each other, and including all up to third-order terms in the cluster expansion we obtained an accurately represent the potential.
The operators and the wavefunction are represented on grids in the internal coordinate system. The details for the grids used in each coordinate are listed in Table I , with the definition of the type of the discrete variable representation (DVR) basis to be given in Ref. 21 . The full primitive grid consists of about 10 10 points in total. However, to make the MCTDH method efficient, the potential energy is expressed as sums of products of multidimensional functions, defined on the combined grids used in the cluster expansion of the surface. To this purpose, the POTFIT algorithm, 28 within the MCTDH package, 19 is used to represent accurately the second and third-order terms of the potential to the appropriate expansion in natural potentials, reducing the PES representation to ≈10 8 points.
III. RESULTS AND DISCUSSION
In Figure 1 we display the minimum energy paths of the PES as a function of the z and α coordinates in the top and bottom panels, respectively. As we can see in the Fig. 1 the surface presents two symmetric 1-C 2v minima (global) with a rather low barrier at 52 cm −1 in the z coordinate (see top FIG. 1. Minimum energy paths as a function of the z (top panel) and α (bottom panel) coordinates, as they are defined in the inset panel. The probability distributions for the corresponding ground and the indicated vibrational excited levels are also superimposed. For each eigenstate the zero probability value is shifted to its energy value (see Table III). panel) between them, corresponding to the 2-D 2d configuration. The potential curve as a function of the α angle (see bottom panel) shows again the two global minima connected by a somehow higher barrier of 103 cm −1 corresponding to the 3-C 2v saddle-point geometry. We should point out that the four lower stationary points of H 29 are lying in energy within 160 cm −1 , while the next stationary points of H + 5 are located at higher energies, e.g., the 5-C 2v one, corresponding to the in plane rotation of 14 The reported simulations were performed using the improved relaxation and block improved relaxation methods implemented in the Heidelberg MCTDH code. [19] [20] [21] In the largest improved relaxation calculation for the ground state, we used for each combined mode, q i = 1, 5 , 14, 14, 18, 5, and 5 SPFs, respectively. In Table II we present the ZPE values obtained for different sets of SPFs, as well as their differences with respect to the DMC value.
14 Also, it is worth mentioning the effect on the ZPE value of introducing higher order terms in the cluster expansion for the n-mode representation of the potential. Convergence tests of the ZPE with respect to the order of the nmode representation are performed, showing that third-order terms are necessary to correctly reproduce this value.
In Table III we first report the ZPE of H + 5 obtained by the converged 9D MCTDH calculation, as well as the values reported by three completely different approaches, namely, DMC, MM-RPH, and PIMC, all of them using the same potential energy surface by Xie et al. 11 The DMC ZPE energy is expected to be the exact value for this surface within statistical uncertainties, and as we can see the obtained MCTDH value is within the statistical error of the DMC values, 6, 14 with differences of a few cm −1 with respect to them. 6 This indicates the fully convergence of the MCTDH with respect the primitive/grid and SPFs basis sets, and the accurate representation of the potential by the cluster expansion based on the five combined coordinates. For comparison reasons we also present in Table III 6 where a large difference of 34 cm −1 was obtained, probably due to the convergence in the MM-RPH results. In addition, the result of a previous low temperature (T = 10 K) PIMC simulation using the same surface is given, with a difference of 56 cm −1 , although within the statistical error of the reported value. 17 In Figure 1 we plot the probability density of the ground vibrational state of H + 5 (n = 0) along selected coordinates by integrating over the remaining ones. In the top panel, we display the distribution as a function of the proton-transfer z coordinate, while in the bottom panel along the internal rotation α coordinate. One can see that the z-distribution is symmetric about zero, that is consistent with a 2-D 2d symmetry, although is broad enough indicating large amplitude displacements of the shared-proton in a range of about 1.8 bohrs sampling also 1-C 2v configurations (see corresponding potential curve). In turn, the α-distribution for n = 0 state is almost flat, presenting only two low peaks at 90
• and 270
• , and with nonzero amplitude at the whole range of α values. This indicates an interconversion between two equivalent non-planar configurations, consistent with both 1-C 2v and 2-D 2d symmetries, with the potential barriers for the H 2 rotations corresponding to planar configurations (see 3-C 2v and 4-D 2h stationary points of the PES).
9 Figure 2 (top-left panel) also shows a two-dimensional contour plot of the probability distribution in the R-z plane for the ground n = 0 state. As it can be seen the distribution presents a maximum at a R value of about 4.15, 0.03, and 0.15 bohrs longer than the equilibrium distances of the 1-C 2v and 2-D 2d minima, respectively. These results are in excellent agreement with previously reported results on radial and angular distributions of the ground vibrational state from DMC and PIMC simulations. 14, 16, 17 For these states block improved relaxation calculations are performed employing 20, 30, 20, 2, and 2 SPFs per mode. From test runs we found that to achieve convergence for these states more SPFs functions are needed for the q 1 , q 2 , and q 3 combined modes, while for the R 1 and R 2 ones convergence is obtained with smaller number of SPFs. We should mentioned here that vibrational states with excitations in R 1 and R 2 modes are expected for energies above 3500 cm −1 that are higher than the energies presented here up to 1000 cm −1 . In Table III we list the vibrational energies for vibrationally excited states obtained from the above-mentioned MCTDH calculations and compare them with the ones previously reported by DMC and MM-RPH approaches. Fixed-node DMC calculations have been reported only for the n = 1 and n = 3 levels, due to the very strong mixing for the higher energy states. The MCTDH energies are in good agreement with the fixed-node DMC ones, with differences of 16 and 24 cm −1 for the torsional splitting (the energy difference between ground and first torsional excited state as in Ref. 6 ) and shared-proton fundamental, respectively.
By comparing now the MCTDH results with the MM-RPH ones, we find a larger energy difference of 30 cm −1 for the torsional splitting, and a higher energy by 24 cm −1 for the shared-proton frequency. Moreover, we investigate states up to 1000 cm −1 that correspond to excitations of the torsional, shared-proton stretch, as well as of the bending angles θ 1 and θ 2 . In Figures 1 and 2 we display one-dimensional and bidimensional probability distributions for some of them. We found that the ground-state torsional splitting is 96 cm −1 , and the fundamental frequencies for the shared-proton stretch at 359 cm −1 (n = 3), while the asymmetric and symmetric θ 1, 2 bending ones are at about 825 and 1029 cm −1 (n = 12 and 19), respectively. We should mention here that the convergence achieved in the present calculation is estimated to be of 1 cm −1 for energies around 500 cm −1 , and about 10 cm −1 for higher excitation energies. We also characterize several other vibrational states (see Fig. 2 ) with excitations in combination modes, e.g., torsion with shared-proton stretching (n = 6, 7, 11, 13) or with the θ 1, 2 bending (n = 15, 16), and overtones of the torsional (n = 4, 5, 17, 18) and the shared-proton (n = 8) motions. The assignment of all these states is provided in Table III , where v indicates the number of quanta excitations in the corresponding coordinates (see also Fig. 2 ). For example, the n = 1 state is assigned to v α = 1, as it has an excitation of one quanta in the α torsional angle (see bottom panel of Fig. 1 ).
To our knowledge this is the first converged fully coupled anharmonic study on the low vibrational states for this cation, based on the most rigorous theoretical treatment to date. Such investigations serve to connect the fluxional behavior of such systems to their spectral complexity. Unfortunately, no experimental data are available for this energy range, and it would be also very interesting this spectral region to be visited experimentally. Comparison with experiment could be indicative to calibrate intrinsic errors, such as the ones in the potential surfaces, at these energies. Further, apart from the question concerning the adequacy of the potential function used, additional problems may arise in the simulations of the IR predissociation spectra, and the present MCTDH calculations need to be extended to take into account motions of the cation at higher energies, such as the planar H + 3 rotation. The definition of the coordinate system, together with the derivation of the kinetic energy operator and the numerically/computationally convenient way for the representation of the potential will contribute for further studies, while the results presented here are intended to guide and monitor such spectral simulations. 
IV. SUMMARY AND CONCLUSIONS
In summary, we present benchmark vibrational energies for H + 5 up to 1000 cm −1 . We show that a converged full-dimensional quantum dynamics description within the MCTDH framework of such floppy system can be achieved.
The exact kinetic energy operator is derived for an internal set of coordinates, while the potential energy operator is constructed using the n-mode representation adapted to a 5-mode combination scheme including up to third-order terms in the cluster expansion. We report a detailed analysis on the setup of the present calculations, and we demonstrate the validity of the Hamiltonian representation by comparison to DMC data available in the literature.
This work is focused on low-lying vibrational states of the H + 5 cation, and further technical improvements, such as modification in the present mode-combination scheme, range, and number of grid points, and number of SPFs, should be consider for reaching higher energy regimes. In particular, for simulations of the experimental IR spectra vibrationally predissociated states with R 1 and R 2 excitations are involved, and then, apart from carrying out efficient and converged calculations, the efficiency of the potential energy function to describe the coupling between intra-and inter-molecular coordinates becomes also important. Apparently, for a more conclusive insight into the effect of the surface on the spectral characteristics of H the dipole moment surfaces 6, 13 should be also considered. Certainly, more efforts should also be put to pave the way for further studies on the infrared spectroscopy at higher energies of these clusters, and work in this direction is in progress.
